We present a theoretical study of nonlinear phase shift through stimulated Brillouin scattering in single mode optical fiber. Analytical expressions describing the nonlinear phase shift for the pump and Stokes waves in the pump power recycling technique have been derived. The dependence of the nonlinear phase shift on the optical fiber length, the reflectivity of the optical mirror and the frequency detuning coefficient have been analyzed for different input pump power values. We found that with the recycling pump technique, the nonlinear phase shift due to stimulated Brillouin scattering reduced to less than 0.1 rad for 5 km optical fiber length and 0.65 reflectivity of the optical mirror, respectively, at an input pump power equal to 30 mW.
Introduction
It is well known that an intense laser light wave propagating in a medium will result in many nonlinear behaviors. This phenomenon has been extensively studied in recent years in optical fiber communications. Stimulated Brillouin scattering (SBS) occurs by an interaction between a high-coherence narrow linewidth input light and the acoustic wave generated by the input light in an optical fiber through electrostriction [1] . This acoustic wave has a wavelength equal to approximately one-half of the optical wavelength and travels at the acoustic velocity within the fiber. For an input laser beam of frequency ν p , the light is initially scattered by an acoustic wave of frequency ν B . The scattered counter-propagating light is downshifted in frequency by the Doppler effect to a Stokes frequency ν s = v p − v B . The Stokes wave will then interfere with the input pump wave. This interference term reinforces the acoustic wave via electrostriction, which is compression of the material due to the presence of the electric field. The electrostrictive process generates a refractive index grating in the medium. The input pump wave is then scattered by the index grating through Bragg diffraction. As the intensity of the Stokes wave increases, the beating term adds constructively to the acoustic wave and thus the index grating scatters more energy of the input pump light [2] .
The scattering of light is fundamentally linked to the presence of inhomogeneities in the optical characteristics of the optical fiber itself. Single mode fiber (SMF) is inherent with a small core radius of a few micrometers. The nonlinear behavior occurs either due to stimulated scattering which is described as the intensity dependent gain/loss or due to the intensity dependence of the refractive index of the medium. The latter behavior causes a nonlinear phase shift. This behavior induces self phase modulation, cross phase modulation, and four wave mixing [3] .
In 1980, research groups demonstrated experimentally the presence of phase shift change and amplitude fluctuation in SBS [4] . Numerical analysis of this simultaneous fluctuation of changes in the Stokes phase was considered in [5] . Gaeta and Boyd investigated the fluctuation behavior in optical fibers both theoretically and experimentally [6] . They showed that the fluctuation behavior can occur in normal SBS and the origin of these fluctuations is the spontaneous scattering process that initiates SBS. According to [7] , the fluctuation in the amplitude of the Stokes wave has actual variation in phase of the Stokes wave. The phase change due to the effect of SBS was theoretically explained by the dependence of the acoustic wave on the wave guiding effect of the optical fiber [8] . To date, research activities have been performed to investigate the phase changes of optical waves with optical fibers using a co-pump technique. However, to the best of our knowledge, little work has been documented on investigating the nonlinear phase shift through SBS of the pump and Stokes waves in bidirectional pumping techniques.
The aim of this paper is to demonstrate, for the first time, an analytical study of the nonlinear phase shift induced by SBS in SMF using the pump power recycling technique. It is proposed that the pump recycling technique makes use of the remnant pump energy by reflecting it via a mirror [9, 10] . Our theoretical model predicts two kinds of nonlinear phase shift through SBS, additional nonlinear phase shift to (a) the pump wave and (b) the Stokes wave. An extensive behavioral study of the nonlinear phase shift includes the following parameters: length of the SMF, mirror reflectivity and frequency detuning with different values of input pump power. The paper is organized as follows. In section 2, we introduce the basic definitions of the nonlinear phase shift including equations that govern the phase shift to the pump and Stokes waves in SMF. The derivation of the additional nonlinear phase shift to the pump and Stokes waves in the pump power recycling technique is described in detail in section 3. Section 4 demonstrates the effect of the performance parameters of the nonlinear phase shift such as the length of the optical fiber, mirror of the reflectivity and the frequency detuning for the pump and Stokes waves. Finally, section 5 concludes our research work.
Nonlinear phase shift through SBS in a single mode fiber
The development of SBS can be described by a onedimensional coupled wave equation involving a forward pump and a backward Stokes wave through the scalar wave equation [11] :
(1) Figure 1 . Schematic of the apparatus used to recycle pump power from the far end of the SMF under test [9] .
Here, E p,s (z) stands for the complex amplitude of the optical field as a function of the optical fiber length z for the pump field (p) and the Stokes field (s), respectively. κ p,s is the optical wavevector, q is the acoustic wavevector, α is the optical attenuation, γ e is the electrostrictive constant, ε is the dielectric constant, ρ o is the mean density of the material, B is the Brillouin damping parameter and ν a is the acoustic velocity in the medium. The frequency detuning ν is given by ν = ν s + ν B − ν p , where ν p , ν s and ν B are the frequencies of the pump wave, Stokes wave and Brillouin frequency shift, respectively. The Brillouin linewidth ν B (FWHM) is defined as ν B = B /π.
The real and imaginary parts of equation (5) are subject to the energy transfer between the pump and Stokes waves and the nonlinear phase shift associated with the waves' interaction. The electrical fields E p,s (z) of the pump and Stokes waves can be expressed in terms of their powers P p,s (z) and nonlinear phase shifts SBS p,s (z) [12] :
where n is the refractive index, ε o is the vacuum permittivity, c is the speed of light in vacuum and A eff is the effective core area of the optical fiber. Substituting equation (2) into (1), the nonlinear phase shift induced by SBS can be derived in a two differential equation forms. Making use of the imaginary parts of equation (2) yields
where g B (v) is the Brillouin gain spectrum, defined as [13] 
Here, g B is the line-center Brillouin gain factor corresponding to a frequency detuning between the pump and Stokes waves. Figure 1 illustrates the experimental setup used to demonstrate the Brillouin pump power recycling technique. The Brillouin pump power, p p , is pumped into the fiber under test (FUT) from the Brillouin pump source through the erbium doped fiber amplifier (EDFA) and optical circulator (Cir). When the forward Brillouin pump signal p pf exceeds the threshold power, the backward Stokes signal p sb is created and propagates in the opposite direction from the p pf signal. The recycled Brillouin pump power p pb that generates a forward Stokes wave p sf also contributes to the reflected signal of the residual Stokes wave power p sfb . The Stokes wave power p s is obtained at port 3 of Cir.
Nonlinear phase shift in the pump power recycling technique
The coupled power equations in steady-state condition for the pump and Stokes fields are given by [14] 
The assumption has been made that the light in the SMF propagates in continuous wave operation while the recycledpump power in the absence of pump power depletion is working at the threshold and the pump absorptions from the two ends are independent. P pf (z), P pb (z) and P s (z) represent the pump power coupled into the front end and far end of the optical fiber and the Stokes power at port 3 as depicted in figure 1, respectively [10] ,
Here α cf and α cb are the loss factors of the circulator in the forward and backward direction, respectively, related to the losses between ports 1 and 2, α c1 and ports 2 and 3, α c2 . P pf (0) represents the forward Brillouin pump power at the near end and P pb (L) is the recycled Brillouin pump power at the far end of the fiber L.
The first-order backward Stokes wave and the residual Stokes wave powers as a function of fiber length are given by [10] 
where R is the reflectivity of the optical mirror. Hence, the SBS threshold power can be defined as the input pump power where the backward scattered Stokes optical power becomes equal to it at the fiber length l [15] . The threshold of SBS with the pump power recycling technique can be expressed as [10] 
where
Here,
Finally, upon substitution of equations (6) and (8) into equation (3), the nonlinear phase shift through SBS with the pump power recycling technique can be analytically evaluated as
(13b)
Results and discussion
Note that the presented modeling results are based on the pump power recycling configuration with Brillouin pump wavelengths of 1550 nm, as illustrated in figure 1 . The parameters selected for calculation were g B = 5 × 10 Note that on increasing the pump power, the additional nonlinear phase shift to the pump waves increases but for Stokes waves the additional nonlinear phase shift is decreased. When the input power exceeds the threshold, Brillouin amplification (SBS gain) centered at 11 GHz by the Brillouin frequency shift is generated producing the backward Stokes waves. Simultaneously, the peak value of Brillouin loss produced by the Stokes waves is observed centered at the frequency of the input optical wave pump. Further increment in the input optical wave pump reveals the Stoke signal at higher output power, leads to the Brillouin amplification spectrum and broadens the Brillouin loss spectrum. This translates to the nonlinear phase shift.
Figures 3(a) and (b) illustrate the simulation results related to the input optical wave pump P pf (0) at 30 mW. The measured nonlinear phase shift due to SBS to the pump power is plotted as a function of the normalized detuning frequency with selected optical fiber lengths and mirror reflectivities, as shown in figures 3(a) and (b), respectively.
The long effective length of the SMF leads to the increment of the noise and loss of the pump wave power as well as the observation of different dynamic behavior. The spontaneous emission process must be considered as giving rise to different contributions to the fluctuation of phase of the optical waves. The first one is due to the random phase shift of the spontaneous emitted photons; the second one is related to the consequent change of the field intensities. Due to the change of the normalized detuning frequency, the nonlinear phase shift obtained is mainly attributed to Brillouin gain fluctuations along the fiber. From figure 3 , it is observed that the nonlinear phase shift to the pump wave reduces as the optical fiber length is increased. In this case, the theoretical nonlinear phase shift to the pump wave is calculated using equation (13) . This observation is also applicable to the decrement of the optical mirror reflectivity. The pump power recycling technique led to a reduction in the Brillouin threshold, an increase of the SBS conversion efficiency, a reduction of the saturation level for the transmitted pump power, and has the same effect as increasing (decreasing) the Brillouin gain (loss). We found out that with the recycling pump technique, the nonlinear phase shift due to stimulated Brillouin scattering reduced to less than 0.1 rad at 30 mW, 5 km and 0.65 of launched pump power, fiber length and reflectivity of the mirror, respectively.
Conclusion
A nonlinear phase shift for pump and Stokes waves through stimulated Brillouin scattering using the pump power recycling technique is successfully demonstrated theoretically. Analytical solutions of the nonlinear phase shift to the optical wave interaction have been described. The pump depletion causes the gain of the process to decrease and so an increasing rate of the scattered Stokes wave increases the phase shift through SBS to the pump signal as the pump power is further increased with various SMF lengths. The nonlinear phase shift to the pump wave reduces for long optical fiber length and low reflectivity of the optical mirror. Using the pump power recycling technique, the reduction in nonlinear phase shift to the transmitted pump power is less than 0.1 rad for an input optical wave pump of 30 mW, an optical fiber length of 5 km and an optical mirror reflectivity of 0.65.
